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21. Integral momentum equation  
 

AdpdVgdVv
dt
d

)t(A)t(V)t(V
∫∫∫ −ρ=ρ              µ = 0 

 

( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ρ−ρ

∆
=ρ ∫∫∫

∆+
∆+→∆

)t(V
t

)tt(V
tt0t

)t(V

dVvdVv
t

1limdVv
dt
d   

( ) ( ) ∫∫∫∫ −ρ=ρ+ρ
∂
∂

AVAV

AdpdVgAdvvdVv
t

    where V is the control volume 

Solid body in control volume 

 

( ) ( ) ( ) ∫∫∫∫∫∫ −−ρ=ρ+ρ+ρ
∂
∂

bkbk AAVAAV

AdpAdpdVgAdvvAdvvdVv
t

 

( ) ( ) RAdpdVgAdvvdVv
t AVAV

−−ρ=ρ+ρ
∂
∂

∫∫∫∫         

]N[R  force acting on the body in the control volume 
 
In case of steady flow:  

( ) RAdpdVgAdvv
AVA

−−ρ=ρ ∫∫∫   

( ) ( ) SRAdpdVgAdvvdVv
t AVAV

+−−ρ=ρ+ρ
∂
∂

∫∫∫∫  

where S is the friction force.   
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Moment-of-momentum equation 

( ) ( ) s
AVAV

MMAdprdVgrAdvvrdVvr
t

+−×−ρ×=ρ×+ρ×
∂
∂

∫∫∫∫   

22. Application of integral momentum equation 

Stationary and moving deflector 

u

 

1. Taking up the control volume: solid body is in the control volume, surfaces are 
⊥ or || to the velocity vector.   
 

( ) ( )

VIV  IV IIIIII

SRAdpdVgAdvvdVv
t AVAV

+−−ρ=ρ+ρ
∂
∂

∫∫∫∫   

2. Simplification of equation 

( ) RAdvv
A

−=ρ∫  

3. Evaluation of integrals 

( ) ( )
111

2
1

A
1 v/vAvAdvvI

1

−ρ=ρ= ∫ , 

       
2

2
2

2
22 v

vdAvId ρ=  

       AvI 2ρ= . 

4. Balances of forces in co-ordinate directions 

RRAvazazRI x1
2
1x1 −=−=ρ−−=−  

1
2
1 AvR ρ=   

 
If the deflector moves: u > 0 
 
instead of 1v  uvw 11 −=  ⇒ ( ) 1

2
1 AuvR −ρ= .  
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Borda discharge nozzle, contraction of jet  

 

p-p0

 

A/AS=α     Hg2v =   

P'PI −=  ⇒ ( ) ApAHgpAv 00s
2 −ρ+=ρ  

AHgAHg2 s ρ=ρ  ⇒ 5.0A/As ==α  

 
Change of pressure in Borda-Carnot sudden enlargement 
 

 

2121 PPII −=+− ,  21222
2
21

2
1 ApApAvAv +−=ρ+ρ− . 

2211 AvAv ρ=ρ ,  ( ) ( )212BC12 vvvpp −ρ=− ,  ( ) ( )2
2

2
1id12 vv

2
pp −

ρ
=−  

          ( ) ( ) ( ) ( )212
2
2

2
1BC12id12BC vvvvv

2
pppp'p −ρ−−

ρ
=−−−=∆  

Borda-Carnot loss 

( )2
21BC vv

2
'p −

ρ
=∆  

Force acting on Borda-Carnot sudden enlargement 

( )( ) ( )( )122121210 AAvvvAAppR −−ρ=−−=  



 28

A Pelton-wheel  

 
uu21 RII −=+− ,   βρ=ρ= cosAvI,AvI 2

2
2u21

2
11 , 2211 AvAv ρ=ρ   

( )u2111u vvAvR −ρ= ,  where β= cosvv 2u2   

ϑ−= sinwuv 2u2 , 12 ww = , uvw 11 −= ,   ( )( )ϑ+−ρ= sin1uvAvR 111u        

           ( )( )ϑ+−ρ= sin1uvAvR 111u  ,  °=ϑ 90  ( )[ ] 0uuvAv2
u
P

111 =−−ρ=
∂
∂

, 2/vu 1=                             

2/vAvP 2
111max ρ=   

 
Force acting on one element of a infinite blade row, Kutta-Joukowsky theorem 

       
yy2y1x21x2x1 RII,RPPII −=+−−−=+−  

        1x1 vtvI ρ= , 2x2 vtvI ρ= , tpPtpP 2211 == ,   

( ) ( )2211x21x cosvcosvtvtppR α−αρ+−=   

x2x1 vv =  ⇒ ( ) ( )2
y1

2
y2

2
1

2
221 vv

2
vv

2
pp −

ρ
=−

ρ
=− ⇒ ( ) ( )y1y2y1y2x vvtvv

2
R +−

ρ
=  

( )y2y1xy vvtvR −ρ= . ( )tvv y2y1 −=Γ ⇒ xy
y2y1

x vR,
2

vv
R Γρ=

+
Γρ−= ,   

2
y2y12

x
2
y

2
x 2

vv
vRRR ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +
+Γρ=+= ⇒ [ ]m/NvR Γρ= ∞  

∞→t , 0vv y2y1 →−  ( ) .állvvt y2y1 =−=Γ  ∞→→ vvv 12  [ ]m/NvR Γρ= ∞   
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Propellers (actuator disc) 

 

v1 = u, velocity v1 ⇒ v2 

( ) ( )

VIVIVIIIIII

SRAdpdVgAdvvdVv
t AVAV

+−−ρ=ρ+ρ
∂
∂

∫∫∫∫

2
2
21

2
1xx21 AvAvRRII ρ−ρ=⇒−=+−  

By using continuity equation: )vv(vAR 21x −ρ=   
Bernoulli-equations 1 - 1’ and 2’- 2  

ρ
+=

ρ
+ '1

2
'11

2
1 p

2
vp

2
v

 
ρ

+=
ρ

+ 2
2
2'2

2
'2 p

2
vp

2
v

 

Since p1= p2 and v1’ = v2’ = v, ( )2
2

2
1'2'1 vv

2
pp −

ρ
=−   

)vv(vAA)vv(
2

R 21
2
2

2
1x −ρ=−

ρ
= , 

2
vv

v 21 +=  ⇒ A)vv(
2

R 2
2

2
1x −

ρ
=   

Pu= v1R (useful power)  Pi= v R  (input power) theoretical propellor efficiency: 

12

11
p v/v1

2
v
v

vR
Rv

+
===η   

 
Wind turbine 

 

)vv(
2

vv
AP 2

2
2
1

21 −
+

ρ= ⇒  ∂P/∂v2 =0 ⇒ 12 v
3
1v = ⇒ 3

1Av
27
16P ρ=  

Jet 
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kezd.sz.:initial section, lassuló sz.: deceleration section 
 

rh ∼ z,  r1/2 = k1z,  
r1/2/r0 = k1z/r0 

( ) 0Advv
A

=ρ∫ ⇒ drr2vrv 2

A

2
0

2
0 πρ=πρ ∫ ⇒ ∫=

2/1h r/r

0 2/12/1
2
max

2
2

2/1
2
max

2
0

2
0 r

rd
r
r

v
v2rvrv   

0

2/10

max

r
r

.Konst
v

v
= ⇒

0

0

max

r
z

.Konst
v

v
=  

∫∫ π=π=
2/1hh r/r

0 2/12/1max

2
2/1max

r

0
v r

rd
r
r

v
v2rvdrvr2q ⇒ 2

0

2
2/1

0

max

0v

v

r
r

v
vKonst

q
q

=  ⇒
00v

v

r
z.Konst

q
q

=  

 
 
Air curtains 

 Neutral height  
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a. 

 
b. 

n
p1

R
v2

∂
∂

ρ
=  ⇒ ∫∫

−

ρ=
h

h

k

b

y

y

2p

p

dy
R
vpd ⇒ ∫

−

ρ=−=∆
h

h

y

y

2
bk dyv

R
1ppp ⇒ ∫

−

ρ=ρ
h

h

y

y

2
0

2
0 dyvsv   

R
sv

p 0
2
0ρ

=∆ ⇒
p
sv

R 0
2
0

∆
ρ

= , 

    

b=2 Rt sinβ.  β
∆

ρ
= sin

p
sv

2b 0
2
0 , 

2
0

0 v
2

pD,
s
bB

ρ
∆

== , β= sin
D
KB   

theoretical: K=4, experimental: K=1.71+0.0264 B (25≤β0≤45 and 10≤B≤40)  
 
Allievi theorem  
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pipe diameter d ⇒ d+∆d  
 
Shortening of water column. Compression of water: ∆s1 and expansion of pipe 
wall: ∆s2  ⇒ ∆s = ∆s1+∆s2  

s
E

ps
v

1
∆

=∆ , Ev  = 2.1·109Pa, 
2
dsd

4
ds

2

2
∆

π=
π

∆  
aa E2

dp
Ed

d;
2

dp
δ
∆

=
σ∆

=
∆

δ
∆

=σ∆   

Est  = 2·1011Pa ⇒ s
E

dp
s

a
2 δ

∆
=∆  ⇒

rav

21

E
p

E
d

E
1p

s
s

s
s

s
s ∆

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
δ

+∆=
∆

+
∆

=
∆  

 
Integral momentum equation:  

),AA)(pp(A)pp(pA
a)AA(a)()va(A)va(

∆+∆+−∆∆++=
=∆+ρ∆+ρ+++ρ−

  

Continuity: )AA(a)(A)va( ∆+ρ∆+ρ=+ρ  

)va(vp +ρ=∆  v<<a  avp ρ=∆  
a
L2Tt ≤  turning off time 

s = at ⇒ at
E

pAs
E

pAsA
rr

∆
=

∆
=∆  ⇒ va

E
p

r

=
∆  

ρ
= rE

a .  
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23. Flow of viscous fluids, Navier-Stokes equation 
Rheology   

Shear stress versus strain rate (deformation rate)  

curve 1: Newtonian fluid: .
dt
d

dy
dvx

yx
γ

µ=µ=τ   

Non-Newtonian fluids:  

curve 2:  ,
dt
d

h
γ

µ+τ=τ ∞   

Curves 3 and 4:  ( )ndt/dk γ=τ . 

       

Differential momentum equation  Fg
dt
vd

+= ,  In case of inviscid fluid: gradp1F
ρ

−=  

 

( ) ( )[ ] ( ) ( )[ ]{
( ) ( )[ ] }dydxzdzz

dzdxydyydzdyxdxx
dzdydx

1F

zxzx

yxyxxxx

τ−+τ+

τ−+τ+σ−+σ
ρ

=
 

Since ( ) ( ) dx
x

xdxx x
xx ∂

∂σ
+σ=+σ ⇒ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂τ

+
∂
∂τ

+
∂
∂σ

ρ
=

zyx
1F zxyxx

x   

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

σττ
τστ
ττσ

=Φ

zyzxz

zyyxy

zxyxx

  ∇Φ
ρ

=
1F   ⇒   k

z
j

y
i

x ∂
∂

+
∂
∂

+
∂
∂

=∇   

∇Φ
ρ

+=
1g

dt
vd

  

  



 34

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂τ

+
∂
∂τ

+
∂
∂σ

ρ
+=

∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

zyx
1g

z
vv

y
vv

x
vv

t
v zxyxx

x
x

z
x

y
x

x
x  

Relation between stresses and deformation.   

 

dt
y
vdt

x
v

ddd xy

∂
∂

+
∂

∂
=β+α=γ .  

yx
xy

xy y
v

x
v

τ=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂

∂
µ=τ . ( )zyx3

1p σ+σ+σ−= .  

 

x
v

2
dt
d x

x1 ∂
∂

µ=
γ

µ=σ′  

vdiv
3
2

x
v

2p x
x µ−

∂
∂

µ+−=σ .  

.
x

v
z

v
zy

v
x

v
y

vdiv
3
2

x
v

2
x

1
x
p1g

z
v

v
y

v
v

x
v

v
t

v

zxxy

x
x

x
z

x
y

x
x

x

⎪⎭

⎪
⎬
⎫
⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠

⎞
⎜
⎝

⎛
∂
∂

+
∂
∂

µ
∂
∂

+
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

∂
∂

+
∂

∂
µ

∂
∂

+

⎩
⎨
⎧

+⎥
⎦

⎤
⎢
⎣

⎡
µ−

∂
∂

µ
∂
∂

ρ
+

∂
∂

ρ
−=

∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

  

Navier-Stokes-equation 

.const=µ  and .const=ρ   

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

ν+
∂
∂

ρ
−=

∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
+

∂

∂
+

∂

∂
ν+

∂
∂

ρ
−=

∂

∂
+

∂

∂
+

∂

∂
+

∂

∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

ν+
∂
∂

ρ
−=

∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

2
z

2

2
z

2

2
z

2

z
z

z
z

y
z

x
z

2
y

2

2
y

2

2
y

2

y
y

z
y

y
y

x
y

2
x

2

2
x

2

2
x

2

x
x

z
x

y
x

x
x

z
v

y
v

x
v

z
p1g

z
vv

y
vv

x
vv

t
v

z
v

y
v

x
v

y
p1g

z
v

v
y
v

v
x
v

v
t

v

z
v

y
v

x
v

x
p1g

z
vv

y
vv

x
vv

t
v
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0
z
v

y
v

x
v zyx =

∂
∂

+
∂

∂
+

∂
∂   

vgradp1gvrotv
2

vgrad
t
v

dt
vd 2

∆ν+
ρ

−=×−+
∂
∂

=    Navier-Stokes-equation 

vrotrotvdivgradv −=∆ .  
 

Since 0vdiv =    vrotrotpgrad1g
dt
vd

ν−
ρ

−=  if rot rot v = 0, rot v = 0 viscosity exerts 

no effect.  
 
 
24. Developed laminar pipe flow 
Cylindrical symmetry of developed pipe flow: 0vr = , ( ) 0

z
=

∂
∂  (2D flow) 

 

( ) 0dzr2dpprpr 22 =τπ++π−π . ⇒ dprdz2 =τ  ⇒ 
dr

dv
dz
dpr

2
1 zµ==τ   

dp/dz= const. 

.állr
dz
dp

4
1vdrr

dz
dp

2
1dv 2

zz +
µ

=⇒
µ

=∫ ∫  

If r=R ⇒ 0vz =  [ ]22
z rR

dz
dp

4
1v −
µ

−=  ⇒ 0vz >  if 0
dz
dp

<  

Friction loss over l: [ ]Pa'p∆  ⇒
l

'p
dz
dp ∆

−=   ⇒ [ ]22
z rR

l4
'pv −

µ
∆

=  ⇒ r
l2
'p∆

−=τ   

l4
R'p

v
2

maxz µ
∆

=   ⇒ 
2

v
v maxz=  ⇒ 2R

l
'p

8
1v
µ
∆

=  

2R
lv8

'p
µ

=∆ . Wall shear stress: 
l2
R'p

wall
∆

−=τ     walllR2 τπ  = 'pR 2 ∆π   
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25. Laminar and turbulent flows 
 
Properties of  turbulent flow 

 

Transition depends on Reynolds number: 
µ
ρ

=
dvRe  ⇒ Re ≅ 2300 

time-average: , ∫=
T

0

dtv
T
1v  fluctuating velocity: 'v  ( 0dt'v

T
1'v

T

0

== ∫ ) 

'vvv += .    'ppp += .  

Turbulence intensity: 
( )

v
vvv

v
'v

Tu
2,

z
2,

y
2,

x
2 ++
==   

Apparent (Reynolds) stresses  

( ) ( ) ( )

( ) ( ) ( ) .
z

'v'v
y

'v'v
x
'v

z
v

y
v

x
v

x
p1g

z
vv

y
vv

x
v

t
v

zxyx
2
x

2
x

2

2
x

2

2
x

2

x
zxyx

2
xx

∂
∂

−
∂

∂
−

∂
∂

−

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

ν+
∂
∂

ρ
−=

∂
∂

+
∂

∂
+

∂
∂

+
∂
∂

 

Ad'v'vdVgAdpAdvv
AVAA
∫∫∫∫ ρ−ρ+−=ρ  

∫∫∫ ρ−ρ−=ρ−
A

nt
A

nn
A

dA'v'vdA'v'vAd'v'v . 

( )[ ] ( ) Ad'v'vdVgAd'vpAdvv
A

nt
VA

2
n

A
∫∫∫∫ ρ−ρ+ρ+−=ρ   

( )2
n'vp ρ=l  apparent pressure rise ( )nt 'v'vρ−=τl  apparent shear stress   

( ) ( ) ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
τ∂

+
∂

τ∂
+

∂
σ∂

ρ
=

∂
∂

−
∂

∂
−

∂
∂

−
zyx

1
z

'v'v
y

'v'v
x
'v zxtyxtxtzxyx
2
x   
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26. Boundary layers 

 

( ) 0
z

,0vz =
∂
∂

= , v vy x<<   ( ) ( )
yx ∂

∂
<<

∂
∂  

.0
y

v
x

v
y
v

dx
dVV

y
vv

x
vv

yx

2
x

2
x

y
x

x

=
∂

∂
+

∂
∂

∂
∂

ν+=
∂
∂

+
∂
∂

 

 

y
v

y
v

y
v x

t
xx2

yx ∂
∂

µ=
∂
∂

∂
∂

ρ=τ=τ ll ,  l [m] mixing length  

y
v x2

t ∂
∂

ρ=µ l  eddy viscosity 

     
ρ
τ 0* =u  [m/s]  friction velocity 

    Kuyln1
u
v *

*
x +

νκ
=  where 4.0=κ , 5K =   

 

in viscous sublayer 
y
vx

0 ∂
∂

µ=τ=τ  , 
ν

=
*

*
x uy

u
v
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Velocity and shear stress distribution in laminar and turbulent pipe flows  

 

Characteristics of the flow in boundary layer  

ν
=+

*uy
y     

 y+=2,7 y+=101 y+=407 
 
Displacement  thickness  

 

∫
δ

⎟
⎠
⎞

⎜
⎝
⎛ −=δ

0

x
1 dy

V
v1 .  
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Friction coefficient 
2

0
f

V
2

'c
ρ
τ

=   

 

 
Boundary layer separation 
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Separation bubble 

 

Flow past cylinders 

 

 

2

0
p

V
2

ppc
ρ
−

=   pressure coefficient 
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Flow in diffusers 

 
Horse-shoe vortex 
 

  
 
Separation of laminar and turbulent boundary layers 

 
  
Secondary flow 
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27. Hidraulics 
Bernoulli equation completed with friction losses 

l  

'pUp
2

v
Up

2
v

22

2
2

11

2
1 ∆+ρ++ρ=ρ++ρ  

Dimensional analyses 

( )v,d,,,f'p ρµ=∆ l  

[ ] γβα= smkgQ  ⇒ n21 Q......,,Q,Q . ⇒ ( ) 0Q......,,Q,QF n21 =  ⇒ ,.....,,, rn321 −ΠΠΠΠ  dimensionless 
parameters ⇒ ( ) 0,.....,,,F rn321 =ΠΠΠΠ − : 

654321 kkkkkk vd'p ρµ∆=Π l . 

ν
==Π=Π

ρ
∆

=Π
dvRe,d/,

v
2

'p
32

2
1 l  . 

( ) 0,,F 321 =ΠΠΠ   
 

l       ( )321 ,f ΠΠ=Π   

( )
d

Re
v

2

'p
2

l
λ=

ρ
∆  ⇒ ( )Re

d
v

2
'p 2 λ

ρ
=∆

l
 where λ is the friction factor 

In case of laminar flow in pipe v
R
8

'p 2

lµ
=∆ , where 

2
dR =  ⇒

dv
64

d
v

2
'p 2 νρ
=∆

l ,  

         Since Redv
=

ν
 ⇒ lam

2

d
v

2
'p λ

ρ
=∆

l   
Re
64

lam =λ  
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Rough wall  [ ]mk  diameter of sand particles, relative roughness 
k
r

4 =Π , where, 

r=d/2 pipe radius.  Re > 2300 hReRe ≤   ( ) 55.0Relg95.11
turb

turb

−λ=
λ

  

510Re4000 ≤≤  Blasius formula  
4turb Re

316.0
=λ  

Moody diagram for determination of the friction factor λ for pipes 

0.01

0.1

10 10 10 10 10 10

0.02
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0.06 20

50

100

200
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1000
2000

5000
10 000
20 000

d
k

64

Re

0.316

Re0.25

Smooth pipe

3 4 5 6 7 8 Re

λ
Complete turbulence, rough pipes

Laminar 
Flow

d  
 
Wall shear stress 
 

l
l

πτ=
π

λ
ρ

=
π

∆ d
4

d
d

v
24

d'p 0

2
2

2

 ⇒ 
4

v
2

2
0

λρ
=τ  

Pipes of noncircular cross sections:  
K
A4de = , where [ ]2mA  cross section, [ ]mK  

wetted perimeter 

( )Re
d

v
2

'p
e

2 λ
ρ

=∆
l  , where 

ν
= edvRe  

Compressible flow in pipe 

  

 

λ
ρ

=−
D
dxv

2
dp 2 ,

A
qv m

ρ
= ,

TR
p

=ρ  ⇒  dx
DAp2

TRqdp 2

2
m λ

=−  ⇒ dx
DA2
TRqdpp

L

0
2

2
m

p

p

2

1

∫∫
λ

=−  

Since 
µ

=
νρ

=
ν

=
A

Dq
A

DqDvRe mm , µ = f(T) and T ≅ const. λ ≅ Const.  
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2
1

2
1

2

2
m

2
2

2
1

DA2
LTRq

2
pp

ρ
ρλ

=
−

  ⇒  λ
ρ

=
−

D
Lv

2
p

2
pp 2

1
1

1

2
2

2
1  ⇒ ink1

2
2

2
1 'pp

2
pp

∆=
−

  

Open channel flow 

 

λ=∆
e

2

dg2
v'h l , where 

K
A4de = , introducing 

l

'hi ∆
=  slope of the channel bottom  

λ
==

λ
=

g2
Cwhere,idCi

dg2
v e

e  Chézy equation, with 03.0~02.0=λ  Chézy 

coefficient 28C ≅ .  

Losses in pipe components  
 
Losses of development of pipe flow 

dev
2

dev v
2

'p ζ
ρ

=∆   

laminar flow: 2.1lam,dev ≅ζ , turbulent flow: 05.0torb,dev ≅ζ  

Loss in Borda-Carnot extension 

( )2
21BC vv

2
'p −

ρ
=∆  

 
Inflow loss 

 

in'p∆ ( )21 0v
2

−
ρ

= 2
1v

2
ρ

= . 
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Losses in valves 

  
2

1

2
v

2

2

12
2v 1

A
A

,1
v
v

v
2

'p ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−≅ζ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

ρ
≅∆  

 Diffuser loss 

diff'p∆ ( ) ( )val12id12 pppp −−−= ( ) ( )2
2

2
1d vv

2
1 −

ρ
η−=  dη  diffuser efficiency 

 

Losses in bends   b
2

b v
2

'p ζ
ρ

=∆  

Applications 

Water supply system  

 

Known parameters: d 21 ,ll  21 h,h  D ⎥
⎦

⎤
⎢
⎣

⎡
s

mq
3

v , literature: kszl ,, ζζζ  dη .  

Calculation of pump head ( )szny
š zz

g
p

H −+
ρ
∆

=  and performance HgqP vh ρ=    

2 Bernoulli equations: 
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1) szszsz

2
sz

11

2
1 'pUp

2
v

Up
2

v
Σ∆+ρ++ρ=ρ++ρ ,  where  ⎟

⎠

⎞
⎜
⎝

⎛ λ+ζ
ρ

=∆∑ 1
1

1
2,

sz d
v

2
p

l
 

2) ny22

2
2

nyny

2
ny 'pUp

2
v

Up
2

v
Σ∆+ρ++ρ=ρ++ρ , where   

 
( ) ( ) .v

2
vv

2
1

dddd
v 

2
p

2
D

2
D

2
d

5
5

k4
4

k3
3

szk2
22,

ny

ρ
+−

ρ
η−+

+⎟
⎠

⎞
⎜
⎝

⎛
λ+ζ+λ+ζ+λ+ζ+ζ+λ

ρ
=∆∑ llll

 

Considering that 0vv 21 == , ( )sznyszny zzgUU −=− , ( )1212 hhgUU −=− , 01 pp = , t2 pp =  
λ==λ=λ ....21 .  

( ) ( )

( ) ( ) .v
2

vv
2

1
d

3v
2

zzghhgppppp

2
D

2
D

2
d

i
kszl

2

szny120tszšnyšš

ρ
+−

ρ
η−+⎟

⎠

⎞
⎜
⎝

⎛ λ
Σ

+ζ+ζ+ζ
ρ

+

+−ρ−−ρ+−=−=∆

l    

Continuity equation: vd v DD
2 2= .  Re =

vd
ν

 ⇒ λ   

 
Flow in pipe connecting water tanks 
 

Known parameters: d l tζ . Calculation of ⎥
⎦

⎤
⎢
⎣

⎡
s

mq
3

v   

l
 

'pUp
2

v
Up

2
v

22

2
2

11

2
1 Σ∆+ρ++ρ=ρ++ρ  

Considering 02t1 ppandpp == , zgU =  és ,0z2 =  Hz1 = , 0vv 21 ==  és a 

⎟
⎠
⎞

⎜
⎝
⎛ +λ+ζ+ζ

ρ
=Σ∆ 1

d
v

2
'p tbe

2
sz

l
 ⇒ ⎟

⎠
⎞

⎜
⎝
⎛ +λ+ζ+ζ

ρ
=ρ+− 1

d
v

2
Hgpp tbe

2
0t

l  

( ) λ++ζ+ζ

ρ+−
ρ

=

d
1

Hgpp2v
tbe

0t

l
 

v A
B C

=
+ λ

 

assuming 'λ ⇒ 'v ⇒ 
ν

=
d'vRe'  ⇒ t'' −λ …. q v

d
v =

2

4
π .   
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28. Aerodynamic forces and moments 
 

 
Inviscid fluid: 

12
pp =  Since ∞== ppp 12 , 12 vv = , ⇒ 12 II = . x2121 RPPII −−=+− , ⇒ 

0R x =   
Aerodynamic force acting on cylinder 

( ) 0,d,,,v,Ff d =µρ∞ l  Dimensionless parameters: Π1 =

dv
2

F
c

2

d
d

l∞
ρ

=  drag coefficient, 

Π2 = ν
= ∞ dv

Re  Reynolds number,  
d3
l

=Π  relative length   

∞==Π
d3
l  2D flows ⇒ ( )21 f Π=Π , ( )Refcd =  

 

 

  If Re is small, ∞µv~Fd , 
In case of larger Re 2

d v~F ∞  
Effect of laminar-turbulent BL transition.  
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Karman vortex street:  
 

       

l

 
 

2D flow, ∞⇒
t
l  2cd = . ( ) tppF bfd l−=  ⇒ pbpf

2

b

2

f
d cc

v
2

pp

v
2

pp
c −=

ρ
−

−
ρ
−

=

∞

∞

∞

∞   

1c maxp =  pfc  ≅ 0.7 ⇒ 3.1cpb −≅   

3D effects: 1,10,
d

∞=
l  cd = 2,  1.3, 1.1. In case of circular cylinder =dc 1.2, 0.82 és 

0.63 (Re=105).  
 
Lift and drag on airfoils 

 

  
 

⎥⎦
⎤

⎢⎣
⎡Γρ= ∞ m

NvR  
Av

2

F
c

2

l
l

∞
ρ

=  lift 
Av

2

F
c

2

d
d

∞
ρ

=  drag  

hAv
2

M
c

2

p
Mp

∞
ρ

=  pitching moment coefficient 
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Lift and drag coefficients as function of angle of attack 
 

l

 ce − cD,  cf – cL  
8.1~2.1c maxL ≅ ,  dcL/dα=2π[rad], 

 
Adverse pressure gradient can cause boundary layer separation  

 

  

 

Drag acting on a prismatic bluff body 

l
 

fpbpfD 'c
t

4ccc l
+−= .  Drag = forebody drag + base drag + side wall drag   

0t =l and 5t =l  ec = 1.1 and 0.8.   
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Base pressure coefficient as function of angle between the undisturbed flow and 
the shear layer connecting to BL separation line.  

β

cpb
0

-1
 

Reduction of forebody drag by rounding up of leading edges.  

 

5t =l  0.2 0.8=cD ⇒   
 
29. Similarity of flows 

 

Characteristic velocities, lengths, times of full scale prototype and model: v0 and 

v0m, l0 and l0m,
m0

m0
m0

0

0
0 v

tand
v

t
ll

== .  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

ρ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

0000
2
000000 t

t,z,y,xF
v
pand

t
t,z,y,xf

v
v

llllll
.  

Conditions of similarity:  

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

+
∂
∂

+
∂
∂

ν+
∂
∂

ρ
−=

∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

2
x

2

2
x

2

2
x

2

x
x

z
x

y
x

x
x

z
v

y
v

x
v

x
p1g

z
vv

y
vv

x
vv

t
v   multiplied by 2

0

0

v
l

, 

⎟⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜

⎝

⎛

+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

ν
+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

ρ
−

∂

−=+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

⎟⎟
⎠

⎞
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⎛
∂
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x

v
v

vx
v
pp

v
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x
v
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v
v
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t

v
v

2

0

0

x2

00

0

2
0

0

2
0

0x

0

0

x

0

x

00

0

x

l

l

l

l

ll

  dimensionless NS equation   
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Two flows are similar if  

a) they are described by the same dimensionless NS equation, i.e. 

2
m0

m0xm
2
0

0x

v
g

v
g ll

= ⇒
0

0

g
v

Fr
l

= Froude number, 
m0m0

m

00 vv ll

ν
=

ν
⇒

ν
= 00vRe l  Reynolds 

number, ReRem =  FrFrm =   
 
b) the initial and boundary conditions are the same in dimensionless form (e.g. 
geometric similarity of prototype and model).  
  

t0 =l0/v0, 
0

0p

m0

m0pm

0

p

m0

pm vtvt
.e.i

t
t

t
t

ll
== .  

f
1tp = , f[1/s] frequency  

0

0

v
fStr l

=  Strouhal number 

 
Dimensionless parameters as ratios of forces acting on unit mass 

inertial force: 
0

2
0

T
v~F
l

 

field of force: g~FG  

pressure force ( ) ( )
0

0
3
0

2
00

P
pppp~F
ll

l

ρ
−

=
ρ
−  

viscous force:  2
0

0
3
0

2
0

0

0
S

vv~F
ll

l

l
ν=

ρ
νρ  

surface tension force: 2
0

3
0

2
0

0
F

CC~F
ll

l

l ρ
=

ρ
  

Reynolds number: 
ν

=
ν

00
2
00

0
2
0

S

T v
/v

/v
~

F
F

~Re
l

l

l
 

Froude number: 
0

00
2
0

G

T

g
v

g
/v

F
F

~Fr
l

l
==  

Euler number: 
( )

2
0

0

0
2
0

00

T

P

v
pp

/v
//pp

~
F
F

~Eu
ρ
−

=
ρ−
l

l
 

Weber number: 
0

2
00

2
0

2
0

T

F

v
C

/v
//C

~
F
F

~We
ll

l

ρ
=

ρ
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30. Flow of compressible fluids 
 
Energy equation  

 
 
inviscid fluid, steady flow, no field of  force, no heat transfer   

∫∫ −=ρ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

AV
v

2

AdpvdVTc
2
v

dt
d ,  

where ⎥
⎦

⎤
⎢
⎣

⎡
Kkg

Jcv  constant-volume specific heat, TchpTc pv ==
ρ

+ ,   

h [J/kg] az entalpia, cp [J/kg/K] constant-pressure specific heat 
 

.ConstTc
2

v
p

2

=+  along streamline  

 
Static, dynamic and total temperature 

.ConstT
c2

vT t
p

2

==+   

where T (or stT  ) [K] static temperature, ]K[
c2

vT
p

2

d =  dynamic temperature, ]K[Tt  

total temperature.  
 
Energy equation ⇒ total temperature is constant along a streamline (steady flow 
of inviscid fluid) 
 
Bernoulli equation for compressible gases 
 
No viscous effects, and no heat transfer ⇒ isentropic flow: 

κκ ρ
==

ρ 1

1p
.constp  ,κ =

c
c

p

v
 ratio of specific heats (isentropic exponent)   

Bernoulli equation: ( )∫ ρ−=
− 2

1

p

p

2
1

2
2

p
dp

2
vv   ⇒ .

p
p1p

1
2vv

1

1

2

1

12
1

2
2

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

ρ−κ
κ

+=
κ
−κ

 

Velocity along a streamline: 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−κ
κ

+=
κ
−κ 1

1

2
1

2
12 p

p1RT
1

2vv  * 
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κκ ρ
==

ρ 2

2

1

1 p
.const

p
 and 

1

1
1 TR

p
=ρ  ⇒    ⇒=

ρ
ρ

=
κκκ

κκκ

κ

κ

12

12

1

2

1

2

pTR
RTp

p
p κ

−κ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

1

1

2

1

2

p
p

T
T

  

 

κ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

ρ
ρ

1

1

2

1

2

p
p

, 
1

1

1

2

1

2

T
T −κ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

ρ
ρ

.  Inserting 
κ
−κ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

1

1

2

1

2

p
p

T
T

 in * expression we obtain: 

 

⎥
⎦

⎤
⎢
⎣

⎡
−

−κ
κ

+=
1

2
1

2
1

2
2 T

T1TR
1

2vv . 
v

p
p c

c
,c2

1
R2

=κ=
−κ
κ

 ⇒ ( )21p
2
1

2
2 TTc2vv −+=  the energy 

equation 
2
vTc

2
vTc

2
2

2p

2
1

1p +=+ .   

Discharge from a reservoir: 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−κ
κ

=
κ
−κ 1

t

e
t p

p1TR
1

2v   

Speed of sound 
 

A

A e

A e

 
Integral momentum equation ( )( ) ( ) pAAdppAdvadAa 22 −+=−ρ+ρ−ρ  

dpdadva2 2 =ρ−ρ  Continuity: ( )( ) ρ=ρ+ρ− addva  ⇒ ρ=ρ dadv .  
 

speed of sound: 
ρ

=
d
dpa     In case of isentropic process 1

0

0

0

0 p
d
dp,

p
p −κ

κ
κ

κ
ρκ

ρ
=

ρ
ρ

ρ
=   

speed of sound: =
ρd

dp TRa κ=       

Additional conditions for similarity of flow of compressible fluids:  

identical =
a
v

= Manumber Mach  and identical =
0

0κ     

Propagation of pressure waves  
 

 

Mach cone 
Ma
1

v
a

tv
ta

sin ===α    
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Release of a gas from a reservoir  
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−κ
κ

=
κ
−κ 1

t
t p

p1TR
1

2v . 

 

tmax TR
1

2v
−κ
κ

=   tangent of the curve  eg
e
p1

e
vv +

∂
∂

ρ
−=

∂
∂  ⇒ v

dv
dp

ρ−= .   

max 
dv
dp-  ⇒ ( ) 0

dv
dv

dv
vd

=ρ+
ρ

=
ρ  ⇒ 0

a
v1

d/dp
v1 2

22

=⎥
⎦

⎤
⎢
⎣

⎡
−ρ=⎥

⎦

⎤
⎢
⎣

⎡
ρ

−ρ    

in point of inflexion v = a, i.e. 1=Ma  

Since .constA
dv
dpAvq m =−=ρ=  at .constA

dv
dpAvq m =−=ρ=  (at 0=v  and 0=p ) A →∞. 

At − dp
dv

 = max. the cross section A is the smallest (throat, critical area): Laval 

nozzle 

*

p

vpvp*

p

*
*

p

2*
*

t T
2

1
c2

)cc(c/c
1T

c2
TR

T
c2

aTT +κ
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −
+=

κ
+=+=    

( )833.0
1

2
T
T

t

*

=
+κ

= , ( )53.0
1

2
T
T

p
p 11

t

*

t

*

=⎟
⎠
⎞

⎜
⎝
⎛

+κ
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

−κ
κ

−κ
κ

 ( )63.0
1

2
T
T 1

1
1

1

t

*

t

*

=⎟
⎠
⎞

⎜
⎝
⎛

+κ
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

ρ
ρ −κ−κ

.  

  
Simple discharge nozzle 
 

te pp <   if te p/p  > 0.95 ρ ≅ const. ⇒ ( )et pp2v −
ρ

=    
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if te p/p  < 0.95 ρ ≠ const. ⇒ 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−κ
κ

=
κ
−κ 1

t
t p

p1TR
1

2
v  

if te /pp  = 0.53 (in case of κ = 1.4 ),   *** TRav κ==  where T Tt
* .= 0 833 .  

if te /pp  < 0.53 the process is same as in case of te /pp  = 0.53. (  .p 0.53=p t
* ) 

 
Flow in Laval nozzle 
 

e
a1

e
p1

e
p1

e
vv 2

∂
∂ρ

ρ
−=

∂
∂ρ

∂ρ
∂

ρ
−=

∂
∂

ρ
−=

∂
∂ .   

0dAvAdvAvd =ρ+ρ+ρ ⇒ 0
A

dA
v

dvd
=++

ρ
ρ

⇒
ρ
ρ

−=
dadvv 2 .  

⎟
⎠
⎞

⎜
⎝
⎛ +=

ρ
ρ

−=
A

dA
v

dvadadvv 22 .   

A
dA

v
dv

v
dv

a
v

2

2

+=   ⇒ ( )
A

dA
v

dv1Ma2 =−  

 
α/ if 1 < Ma , in case of dv / v >  0  ⇒ dA / A < 0. At 0 < dv/v ) 0 >dA/A  
β/ If 1>Ma , in case of 0 > dv/v  ⇒ 0 >dA/A  
γ/ if 0 > dv/v , and dA/A  ⇒ Ma = 1.  
δ/ if  0=dA/A  and 1Ma ≠  the velocity is extreme. 
 

 
continuity kikiki

***
m AvAvq ρ=ρ=   

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−κ
κ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ρ=κρ

κ
−κ

κ
1

t

e
t

1

t

e
tki

*
tt p

p1TR
1

2
p
pAAT83.0R63.0   

Two isentropic solutions:  points B and D.  
 


