% nonlinear ?endu\um”
X + SiNX = 0 $ X = 4 ] fixed ?omr €0,0) , co,n)
f\ 3 = ~-§inx
\d Earlier, we hincarized this by sinx = x. IPs hime to consider sinx.
"
[ o 1\
¥ - \ ]
R . L% PO, Vol 0 Jfp
This _system 15 conservanve
|- ?hgsiml: i Swings back and forfh XX + ?E_.s:nx =0
L numeri ¢4l © mu’lhpl‘\j x then Infegrate --» 1x*- cosx = C
- 2
[0 1\
& 2 *
4 =3 o -=r ftel] rhar this is a linear center which 1S
. nonlineqr cenler beeaquse of concervahve
x
: vorations ;
1 /)—\-& ] /-\\\
| |
s |
( (/D)) | o .
SNy =
i "--....--' ‘\‘\\dﬂv t
f
xe M. 17 f \ /J \ e
, "}
i 1 .

roll this 2 axes te become cyliner

Wz
/

v 3
“Cy\lhder phase syoce’

+ We moy think that a saddle poin f is q part of heferochmc orbil because of 2 pts. connechion

but if becomes hompclinic orbit on the cylindey
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© indox theory”

+alobal consideraflon -~ don>t tell the stabitity of fixed parnls  tell that haw many Ffixed poinls
J ~

I ~ thereare and whar type of fixed pont,

» Ic is negahive when collechng clockmise 3 -
- 7 stable funstable node T =t R e
- > _saddie point I = -1 N o
* _properhes of the index o ) S
o 0) inteqer- valued ) N _
- ) = then To=Io -
... Ctontinuously change, going fhrough a fixed point R

) when there's ng fixed point inside — flow box = [———

.. tenlI.=0

o ~ 3 index is invariant under t--%

.. ® when C 15 qfrajeciory | closed orbit | Then I =

m Could bg 9

S et cycle

- 5 If there arg_many fixed poinis inside fhe curve I = ¢

|t

¢ of each fixed point

% bonus problem: fiqure all index of isolated fixed point ¥

.+ Theorem: a closed orbit has at least ong fixed point inside -+ 20 cosell

M\~ dmLoe a2 9An0 . e |
MLIUUEE 1o, 4VUn 1§01 91Eg L B o

\
o+ 1F s a limiv cyclet then s o periodic orbit  non-isolated

Bub if Vs a periodic Orbit | iYs not necessany to be  limif cycle , could be ;F;"CG—'\—*S_P'},, )

+ There’s g hmif cycle 1 20 gnd dlgo 1n higher - dimensional_system



~ NN~

+ Gradient Svs. -- ?SE + Tvo) l\ij/)/\“ conservalive sys = enerqy Conserved
T W Ut

T

d.
e —— ™
Y centers: for enerqy funghon_  circle ot constant value
T \JJ >

« need smooth vector Field for existence and uniqueness soluhons

¢+ confrachion qugmg: LUX -4l % hfoo - fod il where o< i<

G Lipschitz Conhnuous

-« if we start on fhe object. we will slay on the object --» invariant
v

* bonus problem. plot cycle 9raph in prob :.3 1 1n cylinder coordingfe sysfem %

¢ cyde qraph is invariant.
T

iiasunsy ostabifih. - TE s romrd Boad dia ooy L omkis s tolic mabthiians
* LiGpunov Si90HRy --+ 4T wWe CAn'T Ting LiGpunov tunCn®n , T€I§ noiming,
L] V A
« Liapunoy aqives alobal info
o < —
Atrvachna oaink ~ivec awl, larg!l infs  ——» for hnear cuse lara!l ic gload: alakol
[Al '“Vll'lq r\ll [} L‘l'\l.) U‘l'\' juLyil v v L] AR L) yu. IUU\{I 19 "(ll\/"'u\-l q'u'u“"
! 9 3 / J—d

. ?Ochre‘ - Bendixgson : can have severul closed orbits in trapping region

/_V‘V‘V-V¥Y'V‘V v‘v‘)

¥
-

« Lienard system: X + foox + o =e - Lienard piane

T~ oninear in both damping and shffness
U

[
AL~

o~
v

\( Q. what happen if this is X+ nstead?

A: like shift fp... inhroduce new variable 4 < x+i




T T e - e T s S St s ST S M S S, e SESRE = e, =SS N

- Is there Fp in non -autonomous system? -~ Nol

x = fooby v %= fu

_* _nulicling is not q trajectory of the system but help fo easily plot phase portrait

__» that’s why if doesn't corvespond fo eigendirection

_*  Xa_ Xg_ Gre local_minimum and local maximum N i
N \ ) o X .
N S A / , = abeut relaxanon oscillator
\\L/ ) \\\///

October 15, 2009 _ £<<] When £ =0, Simple harmonic cundampedy
L EIEEY A SV R Le T TR SRudit BEGA Mai A D R L J

- o -/ lampedy
o+
N a9 .- v, -
W,@QE‘\&, nonlinear OStillgters -+ x + X+ ENXey,x) =0 . _
A + relaxahon oscillator -- y»1
. ex. duffing oscillator % + 2¢x + x + 39X = Fcosnt
L e —
- e N\ g<<
Let’s consider Y + 2€4+ y = FCoS(C2t + &) Syl = Y, gy = v
4 5 r g s reesScnlt+ro.) 5 4 o, Y0
root )
- S excitahon frequency
___ txciraho ney R . i
_ Free osciflabions:  § o+ 28§+ yco  CYeyver
t .
S _y= c& - chaagclerishc eg. AT+ 2¥A+1 = o ,
7‘1,9_ = - ha -1
-
1
B o . - N both l‘lﬁ&ﬁ‘ﬁv’ﬁ B



S )

D= (@) overdamped oscillafor E>1, Do
t .
uch = e+ Cleﬂz - decay wj ho oscillahion
C,| = Y (1~ 1 \ - Vo
2\ T / 251
= (Vv 1\ v Ve
2 N [y ] |
e~~1 7 9 I€*-1
N3 ~4s ¢
] t
@_ ¥=t1, D=0 : ych = Y€ + (Votyale -~ critical
@ underdamped <1, D<o , hatura] frea was modified
(3

gt '
yth = e £ rqﬁ Cos(h—\g‘t) + Vo + By, sinch- ¥*6) ]
S, e — i
L [1- ¥ J
N >
-¥t
= ce  sin cwat + 4
~o 2 Iy Y., \ 2 0 _ A
C2 Yo * [ Yo+ 5Yo) L X = m@n [ Yo Ni-% |
\ Uow ) \ wrey, )
two timescales!! ) -
x x
—~ underdam ped

o

I
.
o
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nondimensional . = 2

/

£

~--> linear | So can do superposihion

>

forced oscillators: 3#4( 2§3 Y= _Feosal (Yo ,Vo)

‘nith steady stafe Solurion and

I Sy A
i L
| ¥k
Vg =»ce “coscut+l) ¢ ACoOSCAt - ¢) ~ transient stare solufion )
\m\/__—_,
L ) o ,,,d,',S‘EPE‘@‘!L when Lo ¢ homogeneous and parhicuiar )
~ when nof resonant .o #1
i A = MIFL: My = 1 > O )
Ja-ah" + 42
M)
‘s' 0 due fo se cular ’rerm Te*
I . - PN B
1

when 2 =1 : resonant excitahon Y., . t) =  ¢coscf+¢) vfsink

YY)
L cnriiin | ST
S SECuUGr iervmm

1 eed these knowledge to understand perrurbation theovy

~ [N -~ CeasN = 4
O ;Kko):o>/('v\ljvl

— V.A,—ht‘\:l\/
N T LA T A

It

re quiar perturbalion fheo,fga_..__xg_h,_; X th v ogxy(h ¥ g% ch+

Y /K
o /( > know from linear analysis when £:0o

vy =
X =

1
I
I
i
i
i

Y 4+ T ENw 4
<% X v 2¢LRK T+

assume that we can wnte q solupion a5 series like Qbove

and fhen check iater ¢ need to consider qbouf convergence also)

\
\
\
\

\’ solufion 15 K ek, £) -- we Know Xho) = x.h fhen we use perfurbatien theory

to belp us write Xct, &) 7 o S

2§



4% Cxg + EXg v ) * 280 (Ko + EXy %) + Xo+ EX ¥, = 0O - Then group frerms with the Sqme

dt* dt ,
power in £

™

x“r 26x-1_ -~ vreqular perturbahon
N

EXT 42X - 4 -~ sinﬂuIOr per furbgho i

L4 — o —

g - € XoCo) = 0 , Xo(0) =1
- f‘ﬂ‘\\' ﬁnu _
X,y = sint
gCe - X, + 2X, + X, = 0 ~-» We aiready know Xo , move iF te RS a§ forcing
- \ 9
>'<-1 + X1 < ~2cCost X](D)CD, X]CO) =9
- (wn=1 QWM reSonant !
s I3 . rd [P \
Xy = = Isint {secuiar )

* bonus problem:. do the @ty soluhon %

Xe(0) = 0 _ X,(0) = ) qef this when expand as series also

X1 (o) = © , ¥, () =0

2
SN o VORI e £Y o)l 4 €7yw  ral
Vi v v ~ ANolLD) F CAq WV % U A2 V) T,

XC0) = 1 = X,00) + EX(0) + £X,(0) 4...

rnz; >€1Co§ =0 ”

summary . xche) = sinf - gisint + @Ce)
7

X¢f,e)

I
§\.\_—
I -
>
ot
.
B ey
-
o

-
—
]
-

I S
—

T
&
P

Py
-—
-
.
=
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“ Merhod of Multiple Scales CMMS) e
. X#X = EF(X,X)  -- Wedkly honlinear oscillarers B} o

~1deq: X + 28X t X = O

|

-gt
o ,,,L?,E?JHI‘E",,,,XC’O,:,,, ce (V1-g't r 4  failure of per turbafion me frhod

. . . S ol
\ Vi afl i i

L \{ detuned frequency bl | L ey
! {
_ fvo_hme scales [ Seculer ferm
Ty
_ seek solyfien in the form of X<ty = xo (ot + EX,Cho, T+ where o , Ty are mulhple
. o ,‘;’,,tg?l‘,,,, . hme scqles and are independent
s b= gt s Ay

_ I e sonly Xo o R

(J K{)_(lﬂd 0!13 X

| what do we do when _perfurbahon _mefhod breaks down’ -+ Poincare - |jpdstedt |

~ nhrodgce, W o= 1+ ed

RN S 15 S

“ instead of x = xeeeX,tEX 4. I |

et w =

. ~ o~ owe have o freedom fo gust ser secalar < o . then infroduce more degree of freedom.
_ 1o e s @) exta freedom fo kil secular tems _

i Ay db Ay Ay Ay dAb PRVIR Ty | N
.\ 1.4 - dAo Wlo Y Gf Nl Y p | dANle v JAYNM | ¢ o) -~ o .
dt at, dt oh dr L9t df  of dt

o T e e ¥ 4 oeWe to®eTy

Py J71.
i

g
E)

o define differeohal operalors: b= 2 b = 3

doon X = O, 8X) .

2

dz = 2 = 2 2 z
T3} T (et Ebr ee)) F Dot 280D ECE).
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use above with X + X = gR(,X), we gd

£ DoXe(t ANEES A¢ N

{

0 --»__simple._haymonic

A 2

1]

BCX, X)

/”
I/
( €. pixCh t) 4 X, t)

& ﬂ b ik
e Sgove 1 X, = AdDE Tt ACE .
M o
4 amplitude is slomln varging t, = slow hime

it — b
subshtute x.ct, t) = AdDE + adde  ink € aod elminate secular rerms

. n i?(jﬁ" .
. wie’ll ger differenhial eq* for Acty s L dpe A slowly varying phase = d_= .
\s\ow\u varuing omphitude, B =
] ARV § t : P
L do_this_in the example in the book
66 . . )
K8 (Krulov - Rogoliubay - Mitropalsky)
Al U \Y) T N) )
X+ X = PFOGX, 8} (%) ___when F=q __ simpe haymonic ~
vif eeay  xeh s peosch+®) N
> modify ths for e<<1
xh = ~rsinct+
= slonlu_varaing
7 J U
Py J
L A R SN 4 0 YV LY X YA ) D gk 8 = ted
X_ = FeOSR - rsing - rdSing
NWL Same, Qs €0
1npose the_condifion  Yeose- rdsing = 0 (#*) ¥ (X ge<i) = (X 1D £=0)
. s.k X = - rchsinCtehen
S———
8
\: bd — L ot CAnCA _ vA nuca
- N T LD~ 1 AU T IQ?UWU - SR

subshitute back tn (%) qgnd gJeA‘

Fsiog + r¢gCosd =~ E(rgose, ~rsipg, £) (%% )
(%) 0059 + (aMCing - ¢ = -F(re0sg, -~rSiha £38Ing

(#4) SIDQ ~ (¥¥) C0SH —=* <b

~1 FCreosh_~rsing, £) Gost
r
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ey & = 1 fF(rmsaruglsimﬂ&____,___
2n )

e S R D e N S N e AN N 7 (o (7 o M R B 5

= slow Flow equanons! if we can find T in Wus sy, Then there's g perisdic ot

: S i .
_t—_unﬁLmqu&teﬂl—_ = . s N TR
__ keM_for forced oscillanons  x + X = pex, X, £) + AcBwh i e e R

~ hysteresis_cydle in_matesial — like_add damping to Phe system

S g TRERED—E | (T P MR R 11 ST,
FOGE, D) Caughey c1a60) Paper

- ople. barmong.

—inha f?.&;mmm:d_
0

X+ QUL = Acoswl

BB = X - GGE) S f____/

:
]

—— e —

|
|
|
|
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"
S |
|
o
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| |
1
|
|
|
|

bilingar hy sleresis
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Fheve's hysteresis cycie acks o dampi nyrﬁsrar v

by CREX*E . moXinthe ongindl syS X +X = FC=)3AQSWE .
"

______Sm_t..Lj‘ Flreose, ersinoda i S
m

an -
i Lo ® 21I| S F(reose ., £) msida;_._‘, Lo e

o

divided by ©
* stgment: _tllix_il‘__:':é!__‘tij R _ﬂ;mr.gﬁ(% o9 = qreeos (-2

T

_ .- ({rztsmﬁﬂﬂ_,jjfgnnda F,&neﬂﬂ_t jfwﬁmdﬂ)._ ol ST

Ty

ST —. = Fwtmab_clqokms& start Qr 6 =0 from 'x=r to x=yr-2 Ihe angle equals fo g

RS W AL A< ..&;z"_,_m g If.(]i peidipag) , b

e e DR = 3 - R o o I T e, O T S S v T Ly A S

SR Y. AL g, Crsy: e SN AR D

Ootober 22, 2009 Hopf Bifurcahion” -~ ©eigenvaligs orossing imaginary axi SR m————
* supeccritical Hopf I

T B0 (ST s N === "'m‘akb atiraenrg
—sngin, (an @

o _ T T h,.:\_umn&mnmsm
1 i fo be

e = g
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Soft bifurcarion

This is o phase portrait of local behavior

z
* r(p-r)

= Topf Bifurcation
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¢since, we have i differenhate to 3™ orden)

o Mopt Bifurcshion Theory: X = o, ¢)  whee feC°

‘Q P= P 3 A = s . all ather A RetN < 0
9) _transyecsal root crossing 4 (Re M) > 0
J dp KN,W
- ey
- / T R : = .
. D —— crossing buk \/ﬁlncihal £ _posihve,
Re.C2) don't \ike it . we like iF to
: _ Cross mmghr qwag
—_——] U
- N

T usunllyorger i one

f% 3 ot PP,

x_= 0 IS weakly attrachng]repeilin
-~ ~ (V) (U H

]

>

3
g

» Nomal form for Hopf Bifurcanon Xz =y ¥ ?cx,g) s fegy =0 )
6 3 WXt 40X u) aco). =0 o
J IR I g
Jr = {0 -w\ _ B
({u -0 )
N 7
___JKQ_ = + 1 ({ 3 - + - + ,F
/ A J @
] \
1 AY
’ \\ . ™ NS P . falt ~ i~
e K__ > _doTaylor seres expansion for 2 vangbles uncien
B I R
Poincare - Liopunoy consint:  q< 0 -+ sypercrihical Hopf
rBar rhsoloim s rebadibine e oY PPN Cos cuhoanilan W
[ S 4. 1 N V] | ANTIALIIVIID YD ) M 7.0 r AQUPLI]T L ¥I‘
X o
—~ amne il conin moy as lixii ~ 10-p
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.. when _n,d_dma...

2
n
—

N’

TAT N + Ta(Ty.p)
\ /V ,\1 f'y_ J v

{

got a cenfer

17z = -

— decay exponenhally

A N
: Te——

e —

on mani

id

. f\ kvw..\_. S

~Jordan form -- in our case = ( 0. -w \) o

_ v cenfer manifpld also exist e

2600 - eiqenvalug. bifurcabon ~

36



________LQ.DJL_QL_—)Z——E—-X%—’—K-S (%) : A% DONUS Probied): draw phase, poriy9 D
G = 45 and e uba its not Stable. #
o J
)\ nhen X %0, x"«s then neglect and ust, 4=0 approx. In_(¥)

2. singe, it (k.cmjs b _y=o

1
X = -X % yeq is shble L\

iV > x:y-ois sl ‘

— AK Mm@__hwmmm_mamummmmm,_
. \: look ot hnearizahon,  J = ( 0 0N\ - tigeavalug =0 _ then linearizahion can
s Er e e - Tn A

¥

__tell m_thma
X
October 23,2009 “ﬂi%hg[ Dimension_ Bifurcations Lo
- i o pe e T
o~ T
J

BTG A
& T INSL
0 W | :

Y

~qx| ml_munlm&,,n&= Q

.ihm find gu_t umt_hagpgm,d on X -ayy -
¢ 3 ! f i S
I A . J )
ot "o 4/3 (/\ N uso \/ :_2/1 )
1 SR LN
T 2 o S B
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- __smllm_l& %= px-o

e 3 sy Jdfanseatgl s Er . oW

o s o AR S ux= X 3“-3 qupumhml_p:ichﬁ}m_ s £t A S S e
NIS— ISR ST T £ == pitch fork Vi SR S,
3 T // ; /\ /—\¥

pitenforkll ] 3 TS e T T [ S S

) X
k}*’_.)—__k /l T k’_l j_ m ) R v
= : > < % —— f: I e e o g
_f_,:lr F__"\‘ (K’Jr‘ﬁ e Zem P
txample . X = -«x i p \“H{‘}: find fp. i'tl drqnwﬁ mﬂchnes nes -- inlesechon <

” X by - by Ny

__Saddle-node bifyrcahon
P e occurs since  fp.
i il i . RN 0 NN

AR Glan} anurcghon_

> saddle - node of oyoes

- eavlier we considered local bifurcaton | gusk small aveq around fp.

A B ST oS W YOTE S ' PO VGRS, I W G SR
$ = wabr® psgem A M) JTEr . na'.ll_am- hopf bifyycanon.
. JokoF ¢ e ~~ nof inf 5 e e
ﬂu_lﬁ.L ?.1&91&" . :
— _ o~ rolaft. cOw -~ shw or fast -
— ."!_ — — e — —
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called global bifurcahon becous what's going 0n_atound fp doesn't Chanag
J v J s v

P P L oo A \I.

we_have [0 Consider ‘|Q'r%€, areqin_ Oorder 1o See thal  thert, are timit ycles QUi

4y ) ) R kb '
Infinite Period. Bifurcahon N NS
. i //V \\\ // \\‘
£ = Pi-t0) =2 @ rea ¥ 7 ool
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the spiral cant Cross
__the hee_and when on the.
__tyde , i takes infinile.
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® Center Manifold Approx1 mation ” _

G aftvachng manifold -- what happen 00 center manifald cdn explain local behavigr of SYS

T
v

. 4
ho= Ay + Bop o+ Foou) o+ §3gH) s e R"
J J Y AR J Y
whert 2, ., Aw = eigenvalues wj Re(A) =
} Aty gorn Ay 3 n Re.(AY <0 o o
e B, Poos Povey , P2 = generalized gigeaveclors oorres‘pondin\cj tn_eigenvalug

; After dJordan tansformabion Y = Py where P = [fq_,. .Ph_]
Vo= Jy + PER(PY) + PIEECRY) +
whert Y s FAP e | Jo . 0 3. = Jaoblan center
_ 0 J5 crsmyse€hamd Jacobian sioble
o4
Thevefore . divide into cenfer and stable
Ves Jele t G Qly V) + G (v, V) ()
VLI AR AN IR A TA
. unsigble, manifold
__________ foeal center _manifold i's_a_graph l‘ Carr, 1981 7
3
| |/\
ve = hQy) 'lr\« incal_invariant , not like. 7~ siable_manifdd
B h(ue) p e = Cenfer Sub«sgigg
|l II ) /'l__/\\ (; e “ne":l"' m‘““
\ 7 ~ /
\ / /- / Gletad
J'UWI YV QUIrern

~€ V\/ =
AT -
¥
hey = © D, h; (o) = tangent to_the center sybspace
plug v, = Ny info () and get '
JTws ~ U
) IV\{\I\IIIT\I ARy heo W+ 2o hlu\\—\ = T hl\/\A.H y Revyyand [y oy
y)}c'.\:\'!/vlJ\uCVtTBl‘ Xlra 'Ll\,!{,ll \]\)& ,,\l‘l] . ’ )‘s stﬁ! 153255[’![!5[] tla)N][c 9',./'5!’”!"'
nextStep st 1) 05 a_polynomial and equate _coeffs.
G when b 1S knowf) ,  then we Know eveny Term in_ (%)
~ i
Stabilihy of () Same a8 the ormingl sy§
J =
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~ > has a polynomidl. b= ( X+ by, xy * by 3*~}&mﬂa<,im.zm S

z + h s ek

h
Ny~ /7 L
34
3

——tquatts. coefls. to find b, by Then eg use Banfin Formulg for_a_Hopt bifyrcahon.

example.  x sy -x” e bonuS problem: do this with % = Ky -
L Y < ,:Ld_ﬁf', N _ . I B _
3 y=h0o local center mamfald - hoo = e b ety B
Moo = Dhoo(Ax+foghoo)) = Bhoo - goho) = 0 _ ; -
. Gssumt_fthal we have 20 systeq of tmis form S
_— - Cx - ax + foaw A0 B § - -
= .
ho= By o+ g Xy f= 2y, q=x*
J Y N £ 2/ L V A g T T T - B
_Mhom. = axs 3bx ) (9T b 0w ) 4ot b o B

~ Y A SO T -
= i1 T ). ¢ ~ X )
3 Vv ol LAl AV ’
o R X b =0 } B e

X foghog) D X s X ey - e stability of the origin 15 determined from

i _fthison_the center manifold . unstable on the

B o genfer monifold  bub manifold ifself S siable

o cenfer manifold .
I phase, portrait of the ongimal gystem
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Driven Vendulum constdnt driving ea, constant foraue
RRcT AL J/ v IJ 3 1
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§ g g <l Do, 40
write in phage space form
¢ =y -= live on circlk
y = L-3ing-4dy == Yeal numbeyr

Thus, phase space will be infhnife cylinde:

* no need fo.. bur should make an undersfanding on corvect phase space.

fixed point: Y=o
/

\“ho
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" r .
il & 1 © SIni
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W many fpl -- depends on 1 ‘[I<1 Voo fp

I>1 ~ hofp., Since |sing|<1

A = 0 1 ¢tz -4 <Q A
' Saddie /sinlk

-~ \
o
=1
ld

&

]
—~
B>

1"

00341 =+ 1-1

A>0 {F tT-4av0 -> shble node

1
=14 — caddle ~nad
] VMU IV “u

=

“Then periodic orbifsh

¢

I>1 no fp bul can shil see peniodic orbits
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